Gravitational waves propagating through a stationary gauge field transform into gauge field waves and back again. When multiple families of flavor-space locked gauge fields are present, the gravitational and gauge field waves exhibit novel dynamics. At high frequencies, the system behaves like coupled oscillators in which the gravitational wave is the central pacemaker. Due to energy conservation and exchange among the oscillators, the wave amplitudes lie on a multi-dimensional sphere, reminiscent of neutrino flavor oscillations. This phenomenon has implications for cosmological scenarios based on flavor-space locked gauge fields.
In a remarkable series of papers starting with the work of Gertsenshteyn [1] , the authors showed that a gravitational wave propagating through a stationary magnetic field converts into an electromagnetic wave and back again [2] [3] [4] . Now that gravitational waves have been directly detected [5] , no doubt there will be searches for this effect [6] .
Here we consider the more general phenomenon of the conversion of a gravitational wave into a stationary gauge field, as may be present in the early stages of the Universe [7] [8] [9] . In particular, we show that gravitational waves transform into tensor waves of a gauge field, disappearing and reappearing much like neutrino flavor oscillations. More complicated oscillation patterns are possible for multiple families of gauge fields. Quantization of these gravitational and gauge field tensor modes reveals a novel relationship between the energy and flavor eigenstates that may leave an imprint on a spectrum of primordial gravitational waves, or even suggest a new mechanism for the origin of a primordial spectrum.
We consider a gauge field under general relativity,
with metric signature − + ++, M P is the reduced Planck mass, and where L m represents any other fields that may be present. We take an SU(2) field
where g Y is the Yang-Mills coupling and the vector notation indicates direction in the three-dimensional flavor space. It is essential for this effect that the gauge field have a vev, the analog of a stationary electric or magnetic field. A particular, spatially homogeneous configuration -recently considered in cosmology in the context of cosmic acceleration for inflation [7] [8] [9] or dark energy [10, 11] -has A µ = φ(τ ) e µ where e µ is a set of three mutually-orthogonal, spacelike basis vectors. That is, the vector fields for flavors 1, 2, 3 point along the x-, y-, zdirections. Hence, we call this configuration flavor-space locked. The gauge field strength tensor F µν has non-zero components where we expect to find an electric field. Due to the coupling g Y there is also a magnetic field which, for each flavor, is coaligned with the electric field. This vev enables the gauge field to support transverse, traceless, synchronous tensor fluctuations which couple to gravitational waves. We generalize this scenario to allow for a larger gauge symmetry with multiple SU(2) subgroups and find a much richer variety of behavior. Provided the subgroups are non-overlapping (i.e. the corresponding subalgebra do not share any generators), we can maintain the isotropic, homogeneous flavor-space locked configuration for N subgroups in SU(N) with N ≥ 2N. For simplicity, we assume the gauge field vev has the same amplitude in all subgroups.
As a worked example, we consider a gravitational wave and N gauge field waves propagating in an expanding spacetime with line element ds 2 = a 2 (τ )(−dτ 2 + d x 2 ). We follow the notation in Ref. [12] [13] [14] [15] , where the behavior of the coupled system for N = 1 was studied in the context of inflation and other cosmological scenarios. We consider weak distortions of the spacetime metric and the gauge field, δg µν = a 2 h µν and δ A µ · e ν = ay µν , where h µν , y µν are transverse, traceless, and synchronous. Since the Yang-Mills coupling breaks the chiral symmetry of left-and right-circular polarizations [16] , it is practical to express the gravitational and gauge field waves with amplitudes h p , y pn in a chiral basis with p = L, R for n = 1, 2, ... , N. A further change of variables, h = H √ 2/aM P and y = Y / √ 2a, puts the action into canonical form. The Lagrangian for gravitational and gauge field waves, propagating with Fourier wavenumber k much greater than both the expansion rate and the gauge field time rate of change, is given by
The prime indicates the derivative with respect to conformal time, τ . 
The chiral asymmetry can be removed by setting g Y = 0, which corresponds to flavor electrodynamics since the theory then consists of three copies of Maxwell electrodynamics. We note that the gauge field itself satisfies the equation of motion φ + 2g 2 Y φ 3 = 0, which can be solved exactly in terms of elliptic Jacobi functions.
At the most basic level, the Lagrangian above describes N + 1 coupled oscillators, apart from the dynamics of the background field and cosmic expansion. At high frequency, H and each of Y n oscillate with frequency k. The gravitational wave couples to each gauge field wave; each gauge field wave couples only to the gravitational wave.
The gravitational wave -gauge field oscillations are revealed by the rms amplitude of the waves h and y n in the high frequency limit. We write H = he −ikτ and Y n = y n e −ikτ and choose k to be sufficiently large such that we can treat the coefficients
as constants. The resulting leading order solutions to the equations of motion are
where
, the initial amplitudes are h(0) = c 0 , y n (0) = c n , and c N = N −1 N n=1 c n . Hence, h and y n oscillate at rates set by the gauge field vev, such that h is out of phase with the ensemble of gauge fields y n . The magnitude of h oscillates with frequency ω, whereas the gauge field amplitude oscillates with two frequencies, ω and A 3 .
The normal modes of the system of oscillators are identified by diagonalizing the Lagrangian (3). Starting with the gravitational and gauge field modes ψ i = (h, y n ) for i = 0, 1, ... , N, we write the Lagrangian in the form
and Ω 2 is diagonal. The normal mode frequencies are ω + A 3 , ω − A 3 , and 2A 3 with N−1-fold degeneracy. These modes are plainly seen to comprise the gravitational and gauge field solutions in Eqs. (4) (5) .
Conservation of the canonical stress-energy tensor Θ µν = ∂ µ ψ i δL/δ∂ ν ψ i − η µν L yields the constant of motion in the high frequency limit, |ψ| 2 . This conserved quantity is upheld by Eqs. (4-5) whereby
, from which we determine that the gravitational and gauge field wave amplitudes trace a pattern on the surface of an N + 1-dimensional sphere. This behavior is reminiscent of neu- trino flavor oscillations, where the mass eigenstates remain in phase while the flavor eigenstates oscillate.
We show the time evolution for selected parameters to illustrate the variety of behavior of the gravitational and gauge field amplitudes. In the top panel of Fig. 1 , we show the simplest case, A 1 = 1, A 2 = A 3 = 0, as an example of flavor electrodynamics. The second panel shows a second case of flavor electrodynamics, but with two families. In the bottom two panels, we set N = 3 and turn on the coupling g Y such that A 3 A 2 < A 1 . Between oscillations of the gravitational wave, different gauge field waves dominate. As we introduce A 3 , the gauge fields oscillate with an additional time scale. In Fig. 2 we show both polarizations for a case with N = 3 and A 1 = A 2 = 2|A 3 |. Since A 3 < ω, the gauge fields repeat on a longer timescale. In this specific case, different gauge fields are seen to dominate with seemingly Our procedure is easily generalized to cases in which the field strengths and couplings are different for each of the N subgroups, although numerical solution of the equations of motion is necessary. Fig. 3 shows such a case for N = 2 with A 1 = A 2 = A 3 for the first SU(2) subgroup (shown in red), and A 1 = 4A 2 = 2A 3 for the second (blue). The gravitational wave maintains fixed oscillations, but its height varies between different extrema.
To show more than two gauge subgroups, it is useful to visualize the amplitudes directly as oscillators. In Fig. 4 we represent the amplitudes as pistons with height determined by the amplitudes h, y n . The placement of the pistons illustrates the relative roles of gravitational and gauge fields. Through this visual tool it is easier to see the interplay between the gauge fields and the pacemaking gravitational wave, and the implications of a region of stationary gauge fields for gravitational wave physics and cosmology come into focus.
The existence of a new source of tensor modes opens the possibility of a greater variety of gravitational wave spectra in early Universe scenarios. In an inflationary scenario, the procedure for evaluating the primordial gravitational wave spectrum begins by quantizing the high frequency gravitational wave modes (e.g. Ref.
[18] for a pedagogic review). In a model involving flavor-space locked gauge fields [7, 8] , a Lagrangian of the form of Eq. (3) describes the gravitational and gauge field waves and their interaction. Quantum fluctuations in the gravitational field give rise to a homogeneous solution H h of the gravitational wave equations of motion, with the amplitude of c 0 set by considerations of the Bunch-Davies vacuum, and all other coefficients zero. Fluctuations in the gauge fields create n = 1, ... , N inhomogeneous solutions H ih,n , each with only one c n non-zero. Whereas the individual homogeneous and inhomogeneous solutions display the characteristic oscillations that modulate the amplitude, the observable power spectrum is proportional to the sum
The inflationary prescription for quantizing the gravitational and gauge field modes fixes the coefficients c to have equal amplitude, in which case Eqs. (4) (5) can be used to show the time-dependent modulations cancel out. A different quantization procedure for inflationary fields, and the impact of flavor-space locked gauge field families on early Universe scenarios such as a bouncing cosmology [19] or ekpyrosis [20] remain to be explored.
In a cosmological scenario in which dark energy is due to flavor-space locked gauge fields [11] , one may expect the dimensionful constants A i to be of the order of the comoving Hubble scale. In this case, gravitational waves traveling across cosmological distances would be modulated due to these oscillations. Similarly, if relic gauge fields remain massless and contribute non-negligibly to the radiation fluid in the early Universe then a primordial gravitational wave background will develop frequencydependent modulations, as illustrated in Ref. [15] .
We note that only the gravitational wave affects spacetime geometry and couples universally to other forms of matter. Hence, a gravitational wave detector appropriately positioned would sense a modulated signal, as the gravitational waves convert into gauge fields and back again, for the cases illustrated in Figs. 1-4 . In principle, fermionic matter charged under the same group as the gauge fields can be used to detect the complementary modulation.
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